In the framework of the Floquet formulation of time-dependent density functional theory we present several exact relations involving different parts of the quasienergy functional. These relations hold when the exact densities and exchange-correlation energy functional are employed. They can be used as useful constraints and tests when searching for the approximate forms of the time-dependent exchange-correlation functionals. The general results are illustrated on an exactly soluble model, Hooke's atom in a linearly polarized monochromatic laser field.
I. INTRODUCTION
Time-independent density functional theory ͑DFT͒ of many-electron systems, based on the fundamental works of Hohenberg and Kohn ͓1͔ and Kohn and Sham ͓2͔, is now a well established and practical tool in various branches of chemistry and physics ͓3͔. Being a formalism of many-body theory in terms of the electron density (r), DFT has proved to be accurate and computationally much less expensive than the ab initio wave functional methods, and this accounts for its great success in time-independent electronic-structure calculations of the ground states of many-electron systems.
To study more interesting dynamical processes, one needs a time-dependent DFT ͑TDDFT͒ ͓4-7͔. Runge and Gross ͓7͔ have developed a time-dependent Kohn-Sham theory by considering the action to be stationary with respect to the density variations. Several groups have also considered timedependent current density functional theory ͑TDCDFT͒ recently ͓8-10͔, where the action needs to be stationary with respect to variations in paramagnetic current density as well as the density itself. The central result of the modern TDDFT and TDCDFT is a set of time-dependent Kohn-Sham ͑TDKS͒ equations which are structurally similar to the timedependent Hartree-Fock ͑TDHF͒ equations but include in principle exactly all many-body effects through a timedependent exchange-correlation potential.
Recently we presented the Floquet formulation of TDDFT ͓11͔ and TDCDFT ͓12͔ for atoms and molecules in intense periodic and quasiperiodic ͑multicolor͒ ͓13͔ time-dependent fields, allowing the reduction of TDKS equations to equivalent time-independent Floquet matrix eigenvalue problems. In the Floquet formulation of TDDFT, the main role is played by the quasienergy functional ͑compare with the action functional in the general time-dependent formulation ͓7͔͒:
where Ĥ ϭHϪi‫ץ/ץ‬t is the Hamiltonian operator in the extended Hilbert space which contains time-periodic wave functions. The inner product in the extended Hilbert space is defined as (T is the period͒:
Variation of the functional ͑1͒ under the normalization condition ͗͗⌽͉⌽͘͘ϭ1 ͑3͒ leads to the time-dependent Schrödinger equation for the time-periodic multielectron wave function ⌽. The solution brings a stationary value ͑equal to the quasienergy ) to the functional ͑1͒. Note that the normalization condition for the function ⌽ should be satisfied also in the ordinary Hilbert space at any time moment t:
͗⌽͑t͉͒⌽͑t͒͘ϭ1.
͑4͒
Equation ͑4͒ holds because the Hamiltonian H is a Hermitian operator ͑in other words, the number of electrons is conserved͒. The quasienergy functional F͓⌽͔ can be represented as a sum of contributions from time-dependent quantities such as kinetic energy T(t), single-particle potential energy U(t), electron-electron interaction V ee (t), interaction with the external time-dependent field V ext (t), and specific term due to the derivative with respect to time D(t):
where
͑10͒
N being the number of electrons and u(r) and v ext (r,t) the single-particle atomic and external field potentials, respectively. Atomic units will be used throughout this paper. Since time is treated like any other ͑coordinate͒ variable in the extended Hilbert space, one has a steady-state problem for the quasienergy functional ͑1͒ and it can be rigorously justified that Ĥ (t), Ĥ (t), ⌽(t), and the quasienergy are all unique functionals of the electron spin densities ͑see, e.g., ͓5͔͒. Thus the quasienergy functional Eq. ͑1͒ can be expressed as a functional of the spin densities.
Consider the corresponding Kohn-Sham system of noninteracting particles with the same electron spin densities. As the spin densities are periodic in time, the quasienergy solutions of the corresponding time-dependent Schrödinger equations may be sought, and one can introduce the time-periodic Kohn-Sham spin orbitals k (r,t) ͑the superscript stands for the spin projection, taking values ␣ and ␤ for spin up and down, respectively; the subscript k enumerates the orbitals with the same spin͒. Denoting by the spin density corresponding to the spin , and by the total density,
one can rewrite the quasienergy functional ͑5͒ in the following form:
The time-dependent quantities under the integral ͑13͒ are defined as follows:
The single-particle potential expectation value U(t) and external field expectation value V ext (t) are the same as in the original interacting multi-electron system for the spin densities are the same. The noninteracting kinetic energy T s (t) and classical electron-electron repulsion ͑Hartree͒ energy J(t) are different from T(t) and V ee (t), respectively. The difference is taken into account through the exchangecorrelation energy E xc (t):
The exchange-correlation energy E xc (t) is an unknown functional of the time-dependent spin densities. The simplest approximation for this functional is the adiabatic local-density approximation ͑ALDA͒ ͓4͔, a straightforward extension of the steady-state LDA to the time-dependent domain, preserving locality in both coordinate space and time. However, it has been inferred that the exact exchange-correlation functional may be nonlocal in both space and time, and several recent attempts have been made to study time nonlocality ͑memory effects͒ ͓14-17͔. The purpose of this paper is twofold. First we present several exact relations involving different parts of the quasienergy functional. These relations, which hold in the Floquet formulation of TDDFT when the exact densities and exchange-correlation energy and potential are employed, can be used as constraints and tests when searching for the approximate forms of the time-dependent exchange-correlation functionals. Second, to illustrate the general Floquet TDDFT results, we present an exact solution of the exchangecorrelation energy and potential for a soluble model of twoelectron Hooke's atoms in linearly polarized monochromatic laser fields.
The paper is organized as follows. In Sec. II we establish exact relations regarding the time dependence of various parts of the quasienergy functional ͑Sec. II A͒ and based on the virial theorem ͑Sec. II B͒. In Sec. III we use the example of an exactly soluble model ͑Hooke's atom in a linearly polarized monochromatic field͒ to illustrate the general applicability of the exact relations. The model has some intrinsic limitations since it exhibits the motion prescribed by the harmonic potential theorem, which is only a subset of general time-dependent behavior. However, it is still instructive to test the general formulas in an environment where many analytical results are available.
II. EXACT RELATIONS IN THE FLOQUET FORMULATION OF TDDFT
In this section, we study several exact relations regarding the contributions to the quasienergy functional, Eq. ͑13͒. The relations involving the exchange-correlation energy and po-tential are of primary importance since they can serve as additional constraints in the search for approximate timedependent exchange-correlation functionals. Exact relations or theorems for the time-dependent quantities described above may be established in the framework of the Floquet formulation of TDDFT, just as they hold in the general TD-DFT ͓18͔. Since the quasienergy in the Floquet formulation of TDDFT is a time-independent quantity, some additional constraints do exist that are not available in general TDDFT.
A. Time derivatives of kinetic, potential, and exchangecorrelation energies
First, consider a multielectron system and recall that the multielectron time-periodic wave function ⌽ satisfies the time-dependent Schrödinger equation
͑20͒
Since the normalization condition ͑4͒ holds, one can write the following equation for the quasienergy :
͑21͒
Note that the inner product on the right-hand side of Eq. ͑21͒ is evaluated in the ordinary Hilbert space, so there is no integration with respect to time. That is why the quasienergy can be represented as a sum of time-dependent terms appearing in Eq. ͑5͒:
The right-hand side of Eq. ͑22͒ must be equal to the constant at any time moment. Hence its derivative with respect to time vanishes:
͑23͒
Equations ͑22͒ and ͑23͒ express the first exact relations in the Floquet description of a multielectron system subject to a time-periodic external field ͑no density functional theory so far͒. The time derivatives of the single-particle potential expectation value U(t) and external field potential V ext (t) can be expressed as
͑25͒
On the other hand, differentiating Eq. ͑21͒ with respect to time, and taking into account that ⌽ is an eigenfunction of the operator ͓H(t)Ϫi‫ץ/ץ‬t͔ with the eigenvalue , one obtains
Supposing that the quasienergy is real, and taking into account normalization condition ͑4͒, one arrives at the relation
Making use of this result in Eq. ͑23͒ and taking into account Eqs. ͑24͒ and ͑25͒, the sum of time derivatives of the kinetic energy and electron-electron interaction can be expressed through the integral containing the time derivative of the density and single-particle atomic and external field potentials:
͑28͒
Equations ͑27͒ and ͑28͒ are other important exact relations which hold in the framework of the Floquet formalism. Now we are going to apply the results to the Floquet formulation of TDDFT. Consider the corresponding KohnSham system of noninteracting particles. The quasienergy Kohn-Sham equation for the time-periodic spin orbital k reads as
Here v H (r,t) is the Hartree potential, v xc (r,t) is the exchange-correlation potential, and ⑀ k is the orbital quasienergy. The normalization condition
is assumed. Multiplying Eq. ͑29͒ by ͓ k ͔* and taking the integral with respect to the coordinate r, one obtains
Performing a summation of Eq. ͑31͒ over all spin orbitals results in the following relation that must be satisfied at arbitrary time moment t:
͑32͒
Here T s (t) and D s (t) are the kinetic energy and timederivative expectation values for the noninteracting KohnSham system, respectively:
͑34͒
Differentiating Eq. ͑32͒ with respect to time, one obtains
On the other hand, differentiating Eq. ͑31͒ with respect to time and following the steps described above that led to Eq. ͑27͒ for the multielectron system, one arrives at the following relation:
͑36͒
After summation over all spin orbitals, Eq. ͑36͒ takes the form
Substituting Eq. ͑37͒ into Eq. ͑35͒, the following expression is obtained:
Equations ͑37͒ and ͑38͒ are exact relations that express the dependence of the single-particle kinetic energy and timederivative operator expectation values on time through the density and potentials, including the exchange-correlation potential. Now we consider the most important relations involving the time-dependent exchange-correlation energy and potential. Taking into account the definition of the exchangecorrelation energy ͑19͒ and Eq. ͑22͒, the relation ͑32͒ can be rewritten in the following form:
͑39͒
The exchange-correlation energy E xc (t) itself can be expressed through the expectation value of the exchangecorrelation potential, Hartree energy J(t), total quasienergy , and Kohn-Sham spin-orbital quasienergies ⑀ k . Differentiating Eq. ͑39͒ with respect to time, one obtains an equation that does not contain quasienergies and relates the time dependence of the exchange-correlation energy directly to that of the exchange-correlation potential expectation value and Hartree energy:
Equations ͑39͒ and ͑40͒ are the main results of this section. Equation ͑40͒ can serve as a constraint in the search for approximate time-dependent exchange-correlation functionals since it establishes a relation between the time derivatives of the exchange-correlation energy E xc (t) and the exchangecorrelation potential v xc (r,t), which is supposed to be a functional derivative of (1/T)͐ 0 T dt E xc (t) with respect to the density.
Note that our result ͑40͒ for the time derivative of the exchange-correlation energy differs from that obtained in Ref. ͓18͔ . This is because of the different definition of the exchange-correlation energy. In Ref. ͓18͔ the exchangecorrelation energy ͑let us denote it Ẽ xc ) is defined as in timeindependent DFT; the time-derivative contributions are not taken into account:
For the time derivative of this quantity the same result as in Ref.
͓18͔ is obtained:
However, it is E xc (t) and not Ẽ xc (t) that is present in the quasienergy functional ͑13͒ of the Kohn-Sham system and makes it equal to the quasienergy of the original multielectron system. The exchange-correlation potential v xc (r,t) is a functional derivative with respect to the density of that part of the functional ͑13͒ which contains E xc (t).
B. Virial theorem
The virial theorem in the Floquet formulation of timedependent density functional theory can be obtained by straightforward generalization of that in traditional quantum mechanics. Consider first a multielectron system. It follows from Eq. ͑20͒ that the expectation value of the operator
satisfies the following equation ͓Eqs. ͑6͒, ͑7͒, and ͑8͒ are also taken into account͔:
where ⌽ is the time-periodic multielectron wave function Eq. ͑20͒. Making use of Eq. ͑6͒ and the homogeneity properties of the Coulomb potential, Eq. ͑44͒ can be rewritten in terms of the quantities T(t) and V ee (t):
On the other hand, the expectation value of A is the time derivative of the squared distance expectation value:
Inserting Eq. ͑46͒ in the left-hand side of Eq. ͑45͒, one obtains
͑47͒
Performing the same analysis for the noninteracting Kohn-Sham system, one arrives at the following relation:
The left-hand sides of Eqs. ͑47͒ and ͑48͒ as well as the contributions due to the single-particle potential u(r) and external field v ext (r,t) coincide, since the multielectron and Kohn-Sham systems possess the same density. Consequently one obtains from combining Eqs. ͑47͒ and ͑48͒
With the help of the expression for the exchange-correlation energy ͑19͒, Eq. ͑49͒ can be recast in the final form
where the correlation kinetic energy T c (t) and correlation time derivative D c (t) are defined as
is the main result of the current subsection. It may serve as an additional constraint when searching for approximate forms of the time-dependent exchangecorrelation energy functional and potential. Again, our result ͑50͒ differs from the analogous expression in Ref. The general results of this section will be illustrated in the next section on the field-driven Hooke's atom model ͑two electrons interacting with the Coulomb force and bound in a one-particle harmonic oscillator potential͒.
III. A MODEL STUDY: HOOKE'S ATOM IN A LINEARLY POLARIZED LASER FIELD
The Hooke's atom model has often been used in timeindependent DFT studies. Since the exact ͑in some cases analytic͒ solution of the two-electron problem is available in this model, it allows for the construction of an exact exchange-correlation potential. That is why this model ap-peared so attractive in testing various approximate forms of exchange-correlation potential. Extensive tests of approximate functionals in the time-independent DFT were performed in Refs. ͓19͔ and ͓20͔, and analytic solutions were investigated in Refs. ͓21-23͔. We consider here the extension of the Hooke's atom model to the time domain.
The unperturbed Hamiltonian H 0 of the two-electron Hooke's atom is as follows ͑in atomic units͒:
In the presence of a time-dependent external field with electric field amplitude E(t), the interaction of the electrons with the external field in the dipole approximation reads as
The total Hamiltonian H is defined as the sum of H 0 and H 1 :
The time-dependent Schrödinger equation for the twoelectron wave function ⌿(r 1 ,r 2 ,t) can be written as i ‫ץ‬ ‫ץ‬t ⌿͑r 1 ,r 2 ,t ͒ϭH⌿͑ r 1 ,r 2 ,t ͒. ͑56͒
Introducing the center-of-mass and relative coordinates
one can represent the Hamiltonian H in the following separable form:
͑58͒
If the external field E(t) is periodic in time, the quasienergy solution of Eq. ͑56͒ can be sought. Taking into account the separability of the Hamiltonian ͑58͒, the wave function ⌿(r 1 ,r 2 ,t) can be represented as
where is the quasienergy, and ⌽(R CM ,t) and (R RM ,t) are periodic functions of time. They satisfy the following center-of-mass motion ͑CM͒ and relative motion ͑RM͒ equations, respectively:
Here CM and RM are the CM and RM quasienergies, respectively. The total quasienergy is the sum of the CM and RM quasienergies:
Since the Hamiltonian in Eq. ͑61͒ is time independent, a time-independent solution (R RM ) exists that satisfies the time-independent Schrödinger equation:
͑63͒
For the ground state, the eigenfunction (R RM ) is spherically symmetric, (R RM )ϭ(R RM ). Let the field E(t) be linearly polarized and monochromatic:
E͑t ͒ϭF cos t. ͑64͒
Then Eq. ͑60͒ can be recast in the infinite set of timeindependent equations for the Fourier components ⌽ m (R CM ) of the periodic wave function ⌽(R CM ,t):
An analytic solution of Eq. ͑60͒ or Eq. ͑66͒ exists; see Sec. III B for details. The one-electron time-dependent density (r,t) of the field-driven ground state of the Hooke's atom is calculated according to the following definition:
Here ⌽(R CM ,t) and (R RM ) are the normalized solutions of Eqs. ͑60͒ and ͑63͒, respectively. The function (R RM ) is the RM ground state eigenfunction, whereas ⌽(R CM ,t) is the quasienergy wave function, which reduces to the CM ground state as the external field is switched off.
A. Unperturbed Hooke's atom
The unperturbed two-electron Hooke's atom has been investigated several times in the literature ͓19-23͔. Besides presenting some additional results ͑to our knowledge, the analytic expressions for the Hartree and single-particle potentials for 0 ϭ1/2 have not been published yet͒, we include this subsection because it is relevant to the development of the time-dependent theory in the following subsections III B and III C.
Without the external field (Fϭ0), Eq. ͑60͒ reduces to the three-dimensional ͑3D͒ harmonic oscillator eigenvalue problem. The normalized ground state wave function ⌽ (0) (R CM ) is time independent and spherically symmetric and has the well-known expression
and the unperturbed eigenvalue CM (0) is given by
Making use of the CM oscillator eigenfunction ͑68͒, one can perform analytically some integrations in the definition of the one-electron density ͑67͒ and express the ground state one-electron density of the unperturbed Hooke's atom (0) (r), which also appears spherically symmetric, through a one-dimensional integral containing the normalized RM ground state eigenfunction ͓19͔:
The time-independent Kohn-Sham orbital KS (0) (r) for this two-electron system is obtained immediately from the known density ͑70͒,
and the noninteracting kinetic energy T s (0) and the Hartree energy J (0) are calculated as follows:
Here the unperturbed Hartree potential v H (0) (r) has its usual definition:
The unperturbed exchange-correlation energy E xc (0) and correlation kinetic energy T c (0) are also calculated according to their conventional definitions:
Here T (0) and V ee (0) are the unperturbed kinetic energy and electron-electron repulsion of the two-electron system calculated according to Eqs. ͑6͒ and ͑7͒, respectively, without external field.
Since for the two-electron system the exact exchange ͑Hartree-Fock͒ functional is expressed through the Hartree energy J (0) , one can separate the exchange and correlation contributions as follows:
The Kohn-Sham orbital KS (0) (r) defined by Eq. ͑71͒ must satisfy the time-independent Kohn-Sham equation:
Here ⑀ KS (0) is the orbital energy, and v s (0) (r) is a single-particle potential that includes the Hartree potential v H (0) (r) and exchange-correlation potential v xc (0) (r):
With the help of Eqs. ͑71͒ and ͑79͒, one can obtain the expression for the potential v s (0) (r) through the density (0) (r):
The exchange-correlation potential v xc (0) (r) satisfies the following relation, which can be obtained from the Kohn-Sham equation ͑79͒ and the definition of the exchange-correlation energy ͓a particular case of the general time-dependent relation ͑39͔͒:
where (0) is the unperturbed total energy of the Hooke's atom.
For some particular values of 0 , the RM equation ͑63͒ has analytic solutions ͓21-23͔. Then the unperturbed Hooke's atom problem has a completely analytic solution. For example, this is the case for the ground state eigenfunction and 0 ϭ1/2. Below we consider this special case in more detail and we present an analytic expression for the exchange-correlation potential. The expressions for the RM eigenfunction (R RM ) and eigenvalue RM appear as follows ͓22͔:
The total wave function ⌿ (0) (r 1 ,r 2 ,t) in the original coordinates and the total energy (0) read as
The unperturbed two-electron kinetic energy T (0) , oneparticle potential energy U (0) , and electron-electron interaction V ee (0) contributions to the total energy (0) are as follows:
ϭ0.664 417 6, ͑87͒
The one-electron density calculated from the wave function ͑85͒ can be written in the following form ͓22͔:
͑90͒
As an additional contribution, we present here the analytic expressions for the Hartree potential v H (0) (r) and the singleparticle potential v s (0) (r) produced by the density ͑90͒:
The potential v s (0) (r) has correct asymptotic behavior as r →ϱ ͑it vanishes as 1/r). The orbital energy value ⑀ KS (0) obtained from Eq. ͑81͒ under the condition that the potential v s (0) (r) vanishes at infinity is equal to 5/4. Generally, it can be proved that ⑀ KS (0) is equal to RM ͓23͔. The analytic expression for the exchange-correlation potential v xc (0) (r) follows immediately from Eqs. ͑91͒ and ͑92͒:
The numerical values of various quantities defined in Eqs. ͑72͒, ͑73͒, ͑75͒, ͑76͒, ͑77͒, and ͑78͒ for the case of 0 ϭ1/2 are As one can see, the correlation energy is quite small compared with the exchange energy. From Eqs. ͑95͒ and ͑99͒ one can conclude that the correlation contributions to the kinetic and potential energies have opposite signs, and the potential correlation energy is more than two times larger in absolute value. The expectation value of the exchange-correlation potential ͑82͒ can be evaluated without actual computation since all the quantities on the right-hand side of Eq. ͑82͒ are known ͑see discussion above͒:
Numerical computation of the integral using the analytic expressions ͑90͒ and ͑93͒, ͑91͒, and ͑92͒ confirms this result. Using the decomposition of the exchange-correlation potential v xc (0) (r) into the Hartree-Fock exchange potential ͓which is equal to Ϫ(1/2)v H (0) (r)] and the correlation potential v c (0) (r), one obtains the following relation for the correlation potential v c (0) (r):
We have calculated the correlation energy and the expectation value of the correlation potential over a wide range of 0 . This information can serve as constraints in the search for the correlation energy functional, since the correct form of the functional must reproduce both the correlation energy and the correlation-potential expectation value. The dependence of the correlation energy and correlation-potential expectation value on the oscillator frequency 0 are presented in Fig. 1 for a wide range of 0 . Small values of 0 correspond to the low-density ͑and strong correlation͒ limit while large values of 0 correspond to the high-density ͑and weak correlation͒ limit.
B. Hooke's atom in a laser field: an exact Floquet solution of the two-electron problem
For the two-electron Hooke's atom model, only the CM equation ͑60͒ is affected by the external time-dependent field. Equations ͑60͒ and ͑64͒ describe a 3D harmonic oscillator subject to a linearly polarized monochromatic field. In this case analytic results also can be obtained. The timeperiodic part ⌽(R CM ,t) of the quasienergy wave function originating from the ground state of the center-of-mass motion can be expressed as
and the field-dependent quasienergy CM reads as
͑103͒
Note that the density distribution of the field-driven harmonic oscillator produced by the wave function ͑102͒ has the same shape as in the field-free case and oscillates rigidly †harmonic-potential theorem ͑HPT͒ ͓24͔ ‡:
͑104͒
As a consequence, the one-electron density of the Hooke's atom in the laser field, (r,t) ͓see Eq. ͑67͔͒, has the same property. It can be calculated according to the expression ͑r,t ͒ϭ
where r F (t) is the absolute value of the time-shifted radius vector,
In other words, the following relation holds:
The time-dependent components of the energy can be calculated with the help of the wave function ͑102͒ or the density ͑107͒. The kinetic energy T CM (t) and one-particle potential energy U CM (t) contributions from the center-of-mass motion are calculated as follows:
͑109͒
Taking into account the time-independent contributions from the relative motion, one obtains the following exact ͑two-electron͒ Hooke's atom kinetic and potential energies in the laser field:
͑111͒
In the case of 0 ϭ1/2 the field-free values T (0) and U (0) are given by Eqs. ͑87͒ and ͑88͒, respectively. The expectation value V ext (t) of the external time-dependent field also has an analytic expression:
Thus, we present the expectation value D(t) of the timederivative operator Ϫi‫ץ/ץ‬t that is important in timedependent problems:
͑113͒
The electron-electron interaction energy V ee is time independent since it depends on the relative motion only, which is not affected by the external field:
V ee ϭV ee (0) . ͑114͒
In the case 0 ϭ1/2 it is given by Eq. ͑89͒. Note that dependence on time of the expectation values of kinetic energy, potential energy, external field, and timederivative operator is confined to the function cos 2t. This is inherent to the harmonic oscillator behavior in the external monochromatic field.
One can also calculate various combinations of the quantities T(t), U(t), V ext (t), and V ee . For example, the timedependent expectation value of the total Hamiltonian H ͓the time-dependent energy E(t) of the Hooke's atom͔ is expressed as
Other important combinations are T(t)ϩU(t) and T(t) ϪU(t):
T͑t ͒ϩU͑ t ͒ϭT (0) ϩU (0) ϩ 1 2 F 2 0 2 ϩ 2 ͑ 0 2 Ϫ 2 ͒ 2 ϩ 1 2 F 2 1 0 2 Ϫ 2 cos 2t, ͑116͒ T͑t ͒ϪU͑ t ͒ϭT r ϪU r Ϫ 1 2 F 2 1 0 2 Ϫ 2 Ϫ 1 2 F 2 0 2 ϩ 2 ͑ 0 2 Ϫ 2 ͒ 2 cos 2t. ͑117͒
Note that the combination E(t)ϩD(t)ϭT(t)ϩU(t)ϩV ee
ϩV ext (t)ϩD(t) is time independent and equal to the total quasienergy : Here ⑀ KS is the orbital quasienergy and v s (r,t) is the timedependent single-particle potential, which includes the Hartree and exchange-correlation potentials:
In the time-dependent problem, the phase of the complex Kohn-Sham orbital KS (r,t) is important. Let the function KS (r,t) be represented through its modulus and phase:
KS ͑ r,t ͒ϭM ͑ r,t ͒exp͓iP͑ r,t ͔͒. ͑122͒
Upon substitution of Eq. ͑122͒ in Eq. ͑119͒, one obtains the following two coupled equations to solve for the modulus and phase:
Our goal is to calculate both the modulus and phase of the Kohn-Sham orbital and then obtain the time-dependent single-particle potential v s (r,t). As one will see, the results can be obtained in the analytic form if the RM problem has an analytic solution. At least, all the quantities can be expressed through the ͑time-independent, spherically symmetric͒ RM wave function, and the time dependence of the expectation values can be obtained analytically. First, the modulus M (r,t) is easily obtained from the oneelectron density ͑105͒,
and, taking into account Eqs. ͑107͒ and ͑71͒, can be expressed through the unperturbed calculated at the shifted variable r F (t),
where r F (t) is given in Eq. ͑106͒. Then the phase P(r,t) can be calculated from Eq. ͑124͒. This is a general continuity equation but because of the specific dependence of the function M (r,t) on time ͑through the variable r F ), it can be recast in the following form:
The particular solution of Eq. ͑127͒ that serves the purpose is as follows:
The unknown function f (t), which depends on the time only, cannot be determined from the continuity equation. The particular choice of this term can be made when inserting the phase P(r,t) in Eq. ͑123͒. The requirement that the potential v s (r,t) vanishes as r→ϱ determines both the term f (t) and the quasienergy ⑀ KS . The final expressions for the timedependent Kohn-Sham orbital KS (r,t) and quasienergy ⑀ KS are as follows:
͑130͒
When employing the calculated modulus and phase of the Kohn-Sham orbital in Eq. ͑123͒, another important conclusion can be made regarding the single-particle potential v s (r,t), namely, it can be expressed by means of the unperturbed single-particle potential v s (0) calculated at the shifted independent variable r F (t):
Since the Hartree potential v H (r,t) defined by Eq. ͑121͒ obviously satisfies the similar equation
due to the corresponding property of the density ͓see Eq. ͑107͔͒, it follows that the exchange-correlation potential v xc (r,t) alone also must satisfy a similar equation:
This is again a manifestation of the HPT ͓24͔. The exact exchange-correlation potential satisfies Eq. ͑133͒ as shown by its construction. Equation ͑133͒ serves as a useful constraint and test of the accuracy and applicability of the approximate time-dependent exchange-correlation potential form used. For example, if the approximate exchangecorrelation potential used is a local functional of the density ͓as in ALDA, v xc (r,t)ϭv xc "(r,t)…], it will have the same functional form as for the unperturbed ͑time-independent͒ system but calculated with the shifted density (0) "r F (t)…, i.e., the density (r,t) of the system in the field. However, in general the exact functional can be nonlocal in both space and time; the possible forms of the exchange-correlation potential with memory that satisfy Eq. ͑133͒ and other exact symmetries were studied in Ref.
͓17͔. An investigation of the adiabatic and dynamic contributions to the exchangecorrelation potential in a model involving the 2D Hooke's atom ͑but not for HPT motion͒ ͓25͔ showed that dynamic contributions were negligibly small.
In Figs. 2 and 3 we compare exact and ALDA ͓26͔ exchange and correlation potentials, respectively, at different time moments. The oscillator frequency used in the calculations is 0 ϭ1/2 a.u. and the laser field parameters are as follows: ϭ0.22 a.u. and Fϭ0.05 a.u. This is a rather strong external field and the potential curves at different time moments ͑dotted line for cos tϭϪ1 and dashed line for cos tϭ1) are displaced significantly from that of the zero instantaneous field (cos tϭ0). The ALDA potentials are obtained directly from extension of the static LDA form ͓26͔ to the time domain using the adiabatic approximation. For the exchange potential at large r, the ALDA curve decays to zero exponentially, while the exact potential follows the correct Ϫ1/r Coulombic behavior. There is also substantial difference in the short-range part between the two potentials. Similarly, there is significant difference in the two correlation potentials. Such discrepancies are expected and can be attributed to an intrinsic defect of the LDA exchangecorrelation potential in its static form, namely, the existence of the self-interaction term in the LDA energy functional. Similar problems still exist even when one uses the more refined generalized gradient approximation ͓3͔ in the adiabatic approximation.
In the study of time-dependent dynamics involving the excited and continuum states, it is essential that the longrange exchange-correlation potential be treated more accurately. The recent development of time-dependent optimized effective potential ͑OEP͒ methods ͓27,28͔ based on extension of the KLI ͑Krieger-Li-Iafrate͒ theory ͓29͔ to the time domain has significantly advanced this field. If an explicit self-interaction-correction ͑SIC͒ form is further introduced, the time-dependent OEP/KLI-SIC procedure leads to a single-particle exchange-correlation potential that is both local and orbital independent and has the proper long-range Coulombic behavior ͓28͔. For the special case of twoelectron systems, the OEP/KLI procedure in fact reduces to the exact Hartree-Fock potential ͑for the exchange part͒. Applying this time-dependent OEP/KLI-SIC procedure to the present problem, we recover the exact time-dependent exchange potential as shown in Fig. 2 . Now we proceed to the calculation of the various contributions to the quasienergy functional of the Kohn-Sham system. The noninteracting kinetic energy T s (t) defined as T s ͑ t ͒ϭ2͗ KS ͑ r,t ͉͒Ϫ 
͑135͒
Note that the dependence on the external field and time in T s (t) are the same as in the exact two-electron kinetic energy T(t) ͓Eq. ͑110͔͒. Thus the correlation kinetic energy T c is time independent and coincides with its unperturbed value:
. ͑136͒   FIG. 2 . Exact and ALDA exchange potentials for the Hooke's atom at 0 ϭ1/2 a.u. as measured along the positive part of the z axis ͑external field is polarized in the z direction͒ at different time moments. The solid lines correspond to the zero instantaneous field, cos tϭ0, while the dotted and dashed lines correspond to the peak values of the field, cos tϭϪ1 and cos tϭ1, respectively.
FIG. 3. Exact and ALDA correlation potentials for the Hooke's atom at 0 ϭ1/2 a.u. as measured along the positive part of the z axis ͑external field is polarized in the z direction͒ at different time moments. The curve notations are the same as those in Fig. 2 .
